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Abstract. In the present article we investigate a boundary problem with non-local
conditions for mixed parabolic-hyperbolic type equation with three lines of type changing.
Considered mixed domain contains a rectangle as a parabolic part and three domains
bounded by smooth curves and by type-changing lines as a hyperbolic part of the mixed
domain. We prove the uniqueness applying energy integral method. The proof of the
existence will be done by reducing the original problem into the system of the second
kind Volterra integral equations.
1 Introduction
Theory of mixed type equations is one of the main parts of the general theory of partial
differential equations (PDEs). First fundamental works on this theory were done by
Francesco Tricomi [1], S.Gellerstedt [2], F.I.Frankl [3], C.Z.Morawetz [4], M.A.Lavrent’ev
and A.S.Bitsadze [5] and etc.
Due to many applications in gas and aero dynamics, mechanics this direction was very
rapidly developed. Nowadays, this theory has many branches due to the usage of various
methods of mathematical and functional analysis, topological methods and the method
of Fractional Calculus.
Omitting huge amount of works, related to the studying mixed type equations, we only
note some recent works on local and non-local boundary problems for parabolic-hyperbolic
equations [6-10].
Regarding the investigations mixed parabolic-hyperbolic equations with non-smooth
lines of type changing we note works [11-14].
In the present paper we study non-local problem for parabolic-hyperbolic equation
with three lines of type changing in a special mixed domain, hyperbolic parts of which
bounded by smooth curves and by type-changing lines. Under the certain assumptions on
these curves, we find conditions to parameters, participated in non-local conditions and
we require definite regularity from the given function f(x, y).
1
2 Formulation of a problem
Consider an equation
Lu = f(x, y), (1)
in a domain Ω = Ω0 ∪ Ωi ∪AB ∪BC ∪ AD, where
Lu =
{
uxx − uy, (x, y) ∈ Ω0,
uxx − uyy, (x, y) ∈ Ωi (i = 1, 3)
Ω0 is a domain bounded by segments AB,BC,CD,DA, of straight lines y = 0, x = 1, y =
1 and x = 0 respectively;
Ω1 is a domain bounded by segment AB and smooth curve γ1 : y = −γ1(x), γ1(0) =
γ1(1) = 0, located inside of the characteristic triangle 0 ≤ x+ y ≤ x− y ≤ 1;
Ω2 is a domain bounded by segment AD and smooth curve γ2 : x = −γ2(y), γ2(0) =
γ2(1) = 0, located inside of the characteristic triangle 0 ≤ y + x ≤ y − x ≤ 1;
Ω3 is a domain bounded by segment BC and smooth curve γ3 : x = −γ3(y), γ3(0) =
γ3(1) = 1, located inside of the characteristic triangle 1 ≤ x− y ≤ x+ y ≤ 2.
Regarding the curves γi(t) (i = 1, 3) we suppose that they are twice continuously
differentiable and t± γi(t) (0 ≤ t ≤ 1, i = 1, 3) are monotonically increase.
θ1(t), θ2(t), θ3(t) [θ
∗
1(t), θ
∗
2(t), θ
∗
3(t)] are affixes of points of intersection of the curves
γi(t) (i = 1, 3) and characteristics x−y = t, y−x = t, x+y = 1+t [x+ y = t, x− y = t, y − x = 1 + t]
of the Eq.(1), respectively.
We formulate the following problem for Eq. (1).
Problem. To find a regular solution of Eq. (1), satisfying nonlocal conditions
[ux − uy] (θ1(t)) = σ1 [ux + uy] (θ∗1(t)) , 0 ≤ t ≤ 1, (2)
[ux − uy] (θ2(t)) = σ2 [ux + uy] (θ∗2(t)) , 0 ≤ t ≤ 1, (3)
[ux + uy] (θ3(t)) = σ3 [ux − uy] (θ∗3(t)) , 0 ≤ t ≤ 1, (4)
u(A) = u(B) = 0. (5)
Here σ1, σ2, σ3 are arbitrary real numbers.
We call as a regular solution of the problem in the domain Ω function u(x, y) ∈
W , where W =
{
u : u(x, y) ∈ C (Ω) ∩ C1 (Ω¯) ∩ C2,1x,y (Ω0) ∩ C2 (Ωi) , i = 1, 3} satisfying
Eq.(1) in domains Ωi (i = 0, 3).
3 Main result
Theorem. If conditions σ2, σ3 ∈ [−1, 1], f(x, y) ∈ C2(Ω) are fulfilled, then the problem
has unique regular solution.
Proof: First, we deduce main functional relations.
Solution of the problem in Ωi (i = 1, 3) can be represented by the D’Alembert’s formula
[15]:
u(ξ, η) =
1
2

τ−1 (ξ) + τ−1 (η)−
η∫
ξ
ν−1 (t)dt

−
η∫
ξ
dξ1
η∫
ξ1
f1 (ξ1, η1) dη1, (6)
2
u(ξ, η) =
1
2

τ−2 (ξ) + τ−2 (−η)−
−η∫
ξ
ν−2 (t)dt

−
−η∫
ξ
dξ1
−η∫
ξ1
f1 (ξ1, η1) dη1, (7)
u(ξ, η) =
1
2

τ+3 (ξ − 1) + τ+3 (1− η)−
1−η∫
ξ−1
ν+3 (t)dt

−
1−η∫
ξ−1
dξ1
1−η∫
ξ1
f1 (ξ1, η1) dη1, (8)
where ξ = x+ y, η = x− y, 4f1(ξ, η) = f
(
ξ+η
2
, ξ−η
2
)
.
By virtue of conditions to γi (i = 1, 3), equation of the curve represented as ξ = ρ(η)
and η = υ(ξ) such that ρ (υ(ξ)) = ξ.
Since
θ1
(
x− γ1(x) + t
2
;
x− γ1(x)− t
2
)
; θ∗1
(
x+ γ1(x) + t
2
;−x+ γ1(x) + t
2
)
;
θ2
(
y − γ2(y)− t
2
;
y − γ2(y) + t
2
)
; θ∗2
(
−y + γ2(y)− t
2
;
y + γ2(y) + t
2
)
;
θ3
(
−y + γ3(y)− 1− t
2
;
y + γ3(y) + 1 + t
2
)
; θ∗3
(
y − γ3(y) + 1− t
2
;
y − γ3(y)− 1 + t
2
)
,
from (2) and (6), (3) and (7), (4) and (8) we deduce main functional relations on the line
of type changing of Eq.(1), respectively:
(1− σ1)τ−1 ′(x)− (1 + σ1)ν−1 (x) = A1(x), 0 < x < 1, (9)
(1 + σ2)τ
−
2
′
(y) + (1− σ2)ν−2 (y) = A2(y), 0 < y < 1, (10)
(1 + σ3)τ
+
3
′
(y) + (1− σ3)ν+3 (y) = A3(y), 0 < y < 1, (11)
where
A1(x) = 2σ1
υ(x)∫
x
f1 (x; η1) dη1 + 2
x∫
ρ(x)
f1 (ξ1; x) dξ1,
A2(y) = −2σ2
υ(y)∫
y
f1 (x; η1) dη1 + 2
y∫
ρ(y)
f1 (ξ1; x) dξ1,
A3(y) = 2σ3
υ(y)∫
y
f1 (x; η1) dη1 − 2
y∫
ρ(y)
f1 (ξ1; x) dξ1.
3
3.1 The uniqueness of the solution of the problem
Consider the case, when |σi| 6= 1 .
In the domain Ω0 we have the equality
∫∫
Ω0
u2x(x, y)dxdy +
1∫
0
τ+2 (y)ν
+
2 (y)dy −
1∫
0
τ−3 (y)ν
−
3 (y)dy+
+
1
2
1∫
0
u2(x, 1)dx−
1∫
0
[
τ+1 (x)
]2
dx = 0.
(12)
In order to prove the uniqueness, first we prove that u(x,±0) = τ1±(x) = 0. Passing
to the limit in Ω0, at y → +0, from the equation uxx−uy = 0, we get τ+1 ′′(x) = ν+1 (x) and
substituting it into the integral I1 =
1∫
0
τ+1 (x)ν
+
1 (x)dx, taking condition (5) into account
we have
I1 =
1∫
0
τ+1 (x)τ
+
1
′′
(x)dx = −
1∫
0
((
τ+1 (x)
)′)2
dx. (13)
Now considering (9) we obtain
I1 =
1− σ1
1 + σ1
1∫
0
τ+1 (x)τ
+
1
′
(x)dx =
1− σ1
2(1 + σ1)
(
τ+1 (x)
)2∣∣∣∣
1
0
= 0. (14)
From (13) and (14) it follows that τ±1 (x) ≡ 0.
Now we prove that
I2 =
1∫
0
τ+2 (y)ν
+
2 (y)dy ≥ 0, I3 =
1∫
0
τ+3 (y)ν
+
3 (y)dy ≤ 0.
Taking (10) and (11) into account we get respectively the followings:
I2 =
1∫
0
τ+2 (y)ν
+
2 (y)dy =
1 + σ2
1− σ2
1∫
0
τ+2 (y)τ
+
2
′
(y)dy =
1 + σ2
2(1− σ2)τ
+
2
2
(1),
I3 =
1∫
0
τ+3 (y)ν
+
3 (y)dy =
1 + σ3
1− σ3
1∫
0
τ−3 (y)τ
−
3
′
(y)dy = − 1 + σ3
2(1− σ3)τ
−
3
2
(1).
If 1+σ2
1−σ2
> 0, 1+σ3
1−σ3
> 0, then I2 ≥ 0, I3 ≤ 0.
Considering that I2 ≥ 0, I3 ≤ 0 and τ+1 = 0 from the equality (12) we state that
u(x, y) = 0 in Ω0 . Since u(x, y) ∈ C(Ω), we can conclude, u(x, y) = 0 in Ω.
4
3.2 The existence of the solution of the problem
Now we prove the existence of the solution for the problem.
Passing to the limit in Ω0 at y → +0, from the equation uxx−uy = g(x; y), taking (9)
into account we get
τ+1
′′
(x)− 1− σ1
1 + σ1
τ+1
′
(x) = f ∗(x), (15)
where f ∗(x) = f(x, 0)− 1
1+σ1
A1(x). From the condition (5) we have
τ+1 (0) = 0, τ
+
1 (1) = 0. (16)
Solution of Eq. (15) together with conditions (16) can be represented as
τ+1 (x) =
1 + σ1
1− σ1


x∫
0
(
e
1−σ1
1+σ1
(x−t) − 1
)
f ∗(t)dt− e
1−σ1
1+σ1
x − 1
e
1−σ1
1+σ1 − 1
1∫
0
(
e
1−σ1
1+σ1
(1−t) − 1
)
f ∗(t)dt

 .
Solution of the first boundary problem for the Eq. (1) in the domain Ω0 has a form
[16]
u(x, y) =
1∫
0
τ+1 (x1)G(x, y; x1, y1)dx1 +
y∫
0
τ+2 (y1)Gx1(x, y; 0, y1)dy1−
−
y∫
0
τ−3 (y1)Gx1(x, y; 1, y1)dy1 −
1∫
0
dx1
y∫
0
f(x1, y1)G(x, y; x1, y1)dy1.
whereG(x, y; x1, y1) =
1
2
√
pi(y−y1)
∞∑
n=−∞
[
e
−
(x−x1+2n)
2
4(y−y1) − e−
(x+x1+2n)
2
4(y−y1)
]
is the Green’s function
of the first boundary problem for the heat equation.
Differentiating (17) once by x and considering (10), (11), introducing notation
N(x, y; x1, y1) =
1
2
√
pi(y − y1)
∞∑
n=−∞
[
e
−
(x−x1+2n)
2
4(y−y1) + e
−
(x−x1+2n)
2
4(y−y1)
]
,
and taking
Gx1x(x, y; x1, y1) = Ny1 (x, y; x1, y1), Gx(x, y; x1, y1) = −Nx1 (x, y; x1, y1)
into account after the integration by part we obtain the followings:
1 + σ2
1− σ2 τ
+
2
′
(y) +
y∫
0
τ+2
′
(y1)N(0, y; 0, y1)dy1 −
y∫
0
τ−3
′
(y1)N(0, y; 1, y1)dy1 = E1(y), (18)
1 + σ3
1− σ3 τ
−
3
′
(y)−
y∫
0
τ−3
′
(y1)N(1, y; 1, y1)dy1 +
y∫
0
τ+2
′
(y1)N(1, y; 0, y1)dy1 = E2(y), (19)
5
where
E1(y) =
A2(y)
1− σ2 +
1∫
0
τ+1
′
(x1)N(0, y; x1, y1)dx1 +
1∫
0
dx1
y∫
0
f(x1, y1)Gx(0, y; x1, y1)dy1,
E2(y) =
A3(y)
1− σ3 +
1∫
0
τ+1
′
(x1)N(1, y; x1, y1)dx1 +
1∫
0
dx1
y∫
0
f(x1, y1)Gx(1, y; x1, y1)dy1.
Since (18) is the second kind Volterra integral equation regarding the function τ+2
′
(y),
we can formally write its solution via resolvent kernel. Substituting found solution τ+2
′
(y)
into (19), we will get second kind Volterra integral equation regarding the function τ−3
′
(y),
which is uniquely solvable. After the finding of functions τ±i (t)
(
i = 1, 3
)
, we find unknown
functions ν±i (t)
(
i = 1, 3
)
by formulas (9)-(11).
Since we have all functions required to write solution of the problem, it can be rep-
resented in the domain by the formula (17), in domains Ωi(i = 1, 3) by formulas (17) -
(19), respectively.
In case, when |σi| = 1 the problem will be divided into 4 problems, because by formulas
(9)-(11) we can find τ±i
′
(t) or ν±i (t)
(
i = 1, 3
)
.
Theorem is proved.
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